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Partial Spectral Expansions for 
Problems in Thermal Confection 
The use of spectral expansions for solving nonlinear partial differential equations is ex-
plained, and two examples drawn from convective heat transfer are presented. For both 
problems the results agree well with regular perturbation solutions at parameter values 
for which the latter remain valid. Evidence is given to indicate that the spectral solutions 
are valid for considerably larger parameter values than can be reached with the perturba-
tion methods. 
1 I n t r o d u c t i o n 
Spectral methods have undergone an interesting development since 
they were first described by Galerkin [1] for a problem in elasticity. 
Meteorologists in particular have long favored these methods for 
modeling the behavior of the earth's atmosphere despite rather severe 
computer time and storage problems encountered in nonlinear 
problems. Because of these difficulties, spectral methods have not 
been extensively used in problems of fluid mechanics and heat 
transfer, but the situation is changing rapidly. In a recent series of 
papers, Orszag [2-5] has demonstrated that, in three-dimensional 
flows, properly implemented spectral methods require about an order 
of magnitude less computer time and storage than finite difference 
methods of comparable accuracy. This economy is achieved through 
the use of transform techniques for the efficient evaluation of the 
spectral equations. One of the early applications of the method was 
made by Munson [6], who investigated the axisymmetric flow between 
rotating spheres. Though not using transforms, Munson was suc-
cessful in generating solutions for Reynolds numbers up to transition. 
Orszag and his associates (Orszag [7], Israeli [8], Metcalfe [9], Orszag 
and Israeli [10,11], Orszag and Pao [12]) have since used the spectral 
method in a variety of problems in fluid mechanics. Douglass [13], 
Custer [14], and Custer and Shaughnessy [15] have employed the 
technique in problems of thermal convection. 
This paper relates the experience of the authors in applying partial 
spectral expansions to thermal convection problems in spheres and 
cylinders. We consider steady, two-dimensional motion with periodic 
angular dependence. The flow variables are expanded in basis func-
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tions of the angle with coefficients which are functions of the radial 
coordinate. Galerkin's procedure is used to produce a coupled set of 
nonlinear ordinary differential equations for the coefficient functions. 
The system of differential equations with associated boundary values 
constitutes a two-point boundary value problem which is solved nu-
merically. Since the transform methods offer no real advantage in 
economy for the series employed here, we have evaluated the spectral 
equations directly. In calculations involving larger spectral series, the 
complicated programming required for the transform techniques is 
more than offset by the resulting efficiency. 
In Section 2 the spectral solution method is outlined and used in 
Section 3 to calculate the natural convection of a liquid metal in a 
horizontal cylindrical annulus. Solutions are obtained for the case in 
which the walls of the annulus are maintained at different tempera-
tures. The results are shown to agree well with a perturbation solution. 
Section 4 considers the more complex convection problem in a rotating 
spherical annulus. In this case the velocity of the fluid must match 
the angular velocity of the rotating boundaries. This difficult 
boundary condition is easily handled by the partial spectral method. 
Where appropriate, the solutions are compared to a perturbation 
solution at low rotation rates and with the results of Munson [6] and 
Pearson [16]. 
2 T h e M e t h o d of P a r t i a l S p e c t r a l E x p a n s i o n s 
To illustrate the basic theory and problem preparation of the 
spectral method, we consider the boundary value problem 
Ll4>(xi,x2) + Gty,T,x1,x2) = 0 
L2T(xl, x2) + H(f, T, xx x2) = 0 (1) 
where L\, L2 are linear partial differential operators and G, H are 
nonlinear functions of the dependent variables \p, T, as well as x 1( * 2. 
The solution is sought in some domain D subject to separable 
boundary conditions for i/> and T. We seek an approximate solution 
to this problem in the form 
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lM*i,*2> = E gi{xi)<t>i(x2) 
T(xi, x2) = Y. hj(xi)<t>j(x2) (2) 
where the basis functions <l>i{x2) form a complete set in the space 
spanned by x2 and allow satisfaction of the boundary conditions for 
\p and T. The functionsg,(xi) and hj(xi) are unknown functions, to 
be determined. 
The first question facing a potential user of this method is how to 
choose the basis functions <pi{x2). Orszag [4] suggests that Chebyshev 
or Legendre polynomials are the best choice for spatial variables, while 
trigonometric functions are superior for angular variables. The reason 
for selecting these functions rather than the eigenfunctions of the 
operators Li and L2 is that the error incurred in retaining N terms 
in the recommended expansions decreases faster than any power of 
l/N as N increases. Orszag terms this "infinite order" accuracy. Other 
choices for the basis functions lead to finite order accuracy. For ex-
ample, if the error decreases as l/N2, then the expansion has second 
order accuracy. 
Inserting the expansions for \p, T into the governing equations leads 
to equations of the form 
(—er 
9o 
Fig. 1 Cylindrical flow geometry 
Z (£ilg;(*i)<M*2)! + G(gi, hj, <t>i, <t>j, xi, x2)) = 0 
i=0 
N 
£ (L2\hj(xi)4ij(x2)} + H(gi, hj, 4>i, 4>j, x\, x2)) = 0 
y=o 
The boundary conditions are similarly treated. The final step in the 
method is to project the above equations into the space spanned by 
the basis functions. In the Galerkin method, the projection is ac-
complished by taking the inner product of the equations with each 
of the 4>i. The result is a set of 2N ordinary differential equations 
describing the behavior of the 2N unknown functions gi(x{), hj(x\). 
The boundary conditions are treated similarly, leading to 2N 
boundary values for the g;, hj. 
To complete the solution, the set of 2N coupled, nonlinear equa-
tions must be solved numerically. In convection problems this two-
point boundary value problem will often be so sensitive that simple 
shooting methods will not work. The authors have had some success 
in such cases with the method of quasi-linearization (Roberts and 
Shipman [17]), and expect that finite difference methods would work 
equally well. Once the functions g;, hj are obtained, approximate so-
lutions for \p and T are easily constructed. It is worth noting that there 
are many variations on the above procedure. For example, a three-
dimensional problem might be solved by expanding in one indepen-
dent variable, followed by a finite difference solution to the resulting 
set of two-dimensional problems. This approach is particularly at-
tractive for problems in cylindrical coordinates. In the next two sec-
tions the partial spectral method is applied to two problems in thermal 
convection. 
3 C o n v e c t i o n i n a C y l i n d r i c a l A n n u l u s 
The problem of natural convection in a horizontal cylindrical an-
nulus has attracted the attention of numerous investigators because 
of the relative simplicity of the geometry, the practical applications, 
and the surprising complexity of flow phenomena which appear. A 
considerable amount of experimental data have been taken since the 
first efforts by Beckman [18], and a number of analytical studies have 
also been made. The interested reader may consult the bibliography 
of Kuehn and Goldstein [19] for further details. In this section we 
apply the Galerkin method to the problem of natural convection in 
liquid metals contained in a horizontal cylindrical annulus. The 
problem has application to the use of liquid metals as heat transfer 
agents in power plants under conditions of loss of pumping. Due to 
experimental difficulties associated with liquid metals, few obser-
vations of this flow are available. Thus analytical results are of great 
value. 
The geometry for this flow is shown in Fig. 1. The gap between the 
cylinders is filled with a viscous fluid which is set in motion by the 
temperature difference across the annulus. The inner and outer cyl-
inders are maintained at the uniform temperatures T; and To, and 
gravity is assumed to act vertically as shown. The flow is assumed to 
be steady, laminar and two-dimensional. Experiments have shown 
.Nomenclature. 
Cp = specific heat at constant pressure of 
the fluid 
D2, D 4 = operators in spherical coordinates 
fn, gn, hn = radial functions in the spectral 
series 
G,H = generalized nonlinear functions 
go = gravitational constant 
Gr = Grashof number 
k = thermal conductivity of the fluid 
L\, L2 = generalized linear operators 
N — number of terms in the spectral series 
Pn{0) = Legendre polynomial of the first 
kind 
Pr = Prandtl number 
r - radial coordinate 
Re = Reynolds number 
fli, R2 = spherical radii 
Ri, i?o = cylindrical radii 
T = temperature function 
T\, T2 = temperatures of the spheres 
Ti, T0 = temperatures of the cylinders 
"r. "o = velocity components in cylindrical 
coordinates 
vr, V), i)0 = velocity components in spherical 
coordinates 
x\, x2 = generalized coordinates 
a = thermal diffusivity of the fluid 
/3 = coefficient of thermal expansion of the 
fluid 
f = nondimensional temperature function 
x] = radius ratio 
9 = angular coordinate 
ix = absolute viscosity of the fluid 
jx = angular velocity ratio 
v = kinematic viscosity of the fluid 
p = density of the fluid 
0 = angular coordinate 
4>i = spectral basis function 
fy = streamfunction 
wo = reference angular velocity 
oil, "2 = angular velocity of the spheres 
fi = nondimensional angular velocity func-
tion 
V2, V4 = Laplacian and biharmonic opera-
tors 
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that for fluids with Prandtl numbers of order one or larger, there is 
a range of gap widths and temperature differences for which a steady, 
laminar, two-dimensional flow exists. In the absence of experimental 
data for liquid metals, we assume that this is true for these fluids as 
well. In formulating the equations of motion viscous dissipation is 
neglected, all fluid properties except the density are assumed con-
stant, and density variations are modeled with the Boussinesq ap-
proximation (Chandrasekhar, [20]). 
The motion is measured in cylindrical coordinates (r, 0) with (vr, 
ue) the corresponding velocity components. The equations of motion 
are written in terms of the stream function f(r, 0) defined by the 
relations 
dr ' ve = • 
and 
Vr~ r 00 ' 
(4) 
The equations are nondimensionalized using flo and To — T; as the 
characteristic length and temperature scales. The stream function 
is nondimensionalized by v, the kinematic viscosity of the fluid. This 
scaling leads to the following nondimensional equations of motion: 
W ! ;[ 30 dr dr dd J + Gr 
'cos0 3T 3T1 
h sm0-—• 
. r a« dr j 
and 
V2T Prr^ar 




The dimensionless parameters here are the Grashof number Gr = 
ga@(To ~ Ti)Ri?/ii2 and the Prandtl number Pr = via, where fi is the 
coefficient of thermal expansion, v the kinematic viscosity, and a is 
the thermal diffusivity of the fluid. The operators V2 and V4 are the 
harmonic and biharmonic operators expressed in cylindrical coordi-
nates. 
The boundary conditions on the problem are that the fluid velocity 
be zero on the cylindrical boundaries, and that the fluid temperature 
equal the appropriate wall temperature. In addition the flow is as-
sumed to be symmetrical about the vertical plane through the axis 
of rotation. In terms of the nondimensional variables these conditions 
4>(y, 0) = <p(h 6) = 0, 
dr dr 30 30 
and 
T(7/,0) = l, T(1 ,0)=O. (6) 
The domain of the independent variables is ij < r < 1, and 0 ^ 0 ̂  2n. 
The parameter -n = Ri/Ro is the radius ratio of the cylinders. 
The solution to this problem was obtained by assuming expansions 
for \j,(r, 0) and T(r, ») of the form 
<Kr,0) = E fn(r) sin(nfl), 
n = l 
and 
T(r, 0) ; E t 
p=0 
,(r) cos(p0). (7) 
As discussed earlier, the choice of a trigonometric expansion of the 
angular dependence is recommended by Orszag [4] for best accuracy. 
These expansions also have the desired property of reflection about 
the vertical plane. 
Since one can only retain a finite number of terms in the spectral 
expansion (7), these series are truncated after N terms. The number 
of functions kept is determined by various factors including prior 
knowledge of the flow, accuracy requirements, and the cost of nu-
merical solutions. Here the choice was made to truncate the series 
after three terms. Thus the representations actually used are 
$(r, 0) = h(r) sin0 + f2(r) sin20 + f3{r) sin30, 
and 
T(r, 0) = g0(r) + gi(r) cos0 + g2(r) cos20 + g3(r) cos30 (8) 
This choice is partially motivated by the knowledge [19, 21] that in 
air and water the streamlines at moderate Grashof numbers take the 
form shown in Fig. 2. These crescent shaped flows can be described 
mathematically by the first term f±(r) sin0. The three terms together 
then allow solutions for moderately large Grashof numbers to be ob-
tained at a reasonable cost in computer time and storage. Equations 
for the unknown functions/„(r) andgp(r) are obtained by substituting 
the expansions (8) into the equations of motion (5). The result is 
3 [" m 2 m 2n
2 + l n 2n
2 + 1 , 
E I In H In — „ /n + „ In 
n=i L r rl rA 
+nl^Jnlf1 s i i mo„If£ £ \mfmh~ + lfn» 
r* J r U= i m =i L \ r 
n 2 + l 2 n 2 , \ „ . A .fn> 4 fn i cosm0 smn0 | 
r2 r 3 / J 
- £ E [;/»' (fi" + hi' ~ ~ fi) cosj0 sin^0j J 
+ Gr | £ \gp' cos p0 sin0 - Y. \~g£ sin^0 cos0 J, (9o) 
and 
3 r i n2 "] 
E gn" + -gn ~—gn COSH0 
n=o L r rz J 
Pr i 3 3 
= — E E [mgn'fm coanB cosm0] 
r U=0m = l 
+ Z X Wk'gj ainje sinkB]) (96) 
y~o*-i J 
where the primes signify derivatives with respect to r. 
The equations (9a,b) are projected into the spaces spanned by 
sin(n0) and cos(p0) using Galerkin's method. The equations for the 
fn(r) are obtained by multiplying equation (9,a) by (1/ir) sin(rc0) and 
integrating over the interval (0, 2-Tr). The equations for the gn(r) are 
obtained by multiplying (9,6) by (lAr) cos(p0) and integrating. 
The boundary conditions for this system of equations are obtained 
by substituting the expansions (8) into the boundary conditions (6), 
and using the projection technique just described. The results are 
/ n ( l ) = / „ ( l ) = 0, 
fn'U)-=fn'(l) = 0 n = l , 2 , 3 
go(v) = 1 £o(D = 0, 
and 
§n(v)=gnW=0 1, 2, 3. (10) 
Solutions to this system of equations were obtained using the 
method of quasi-linearization. This method generates linear differ-
ential equations by expanding the original nonlinear equations in a 
Taylor series about a nominal solution. These series are truncated 
after the first order terms. The resulting set of linear differential 
equations was solved with the method of adjoints. The quasi-linear-
ization scheme proceeds iteratively using the solutions from one step 
as the nominal solution used to evaluate the derivatives in the next 
step. Conditons under which the solutions of the linear problems 
converge to the solution of the original nonlinear problem have been 
stated in the work by Roberts and Shipman [17]. 
Typical results obtained from the calculations are shown in Fig. 2. 
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5=150 l ; 
Fig. 2 Streamlines and circumferential velocity profiles in the cylindrical 
annulus for -q = 0.25, Pr = 0.01, and Gr = 100 
The streamline plots all show a characteristic single eddy pattern 
which occurred for all Grashof numbers for which numerical solutions 
could be obtained. This is a striking contrast to results obtained by 
Mack and Bishop [22] using a perturbation method. For y = 0.5, Pr 
= 0.02 and Gr = 15000 they found a multicellular flow composed of 
one large eddy and two smaller and weaker counter-rotating eddies. 
The large eddy rotates clockwise and occupies the region of the an-
nulus between 9 = 25 deg and 0 = 140 deg. The two smaller eddies 
occupy the top and bottom of the annulus. The conditions necessary 
for the formation of these multiple eddies were determined. It was 
found that for a Prandtl number of 0.02 both eddies form when the 
radius ratio is greater than or equal to 1.55. Fluids with Prandtl 
number 0,07 and 0.3 behave similarly. In an effort to investigate these 
interesting flows computations were carried out with Pr = 0.1. With 
this Prandtl number successful calculations could be made at Grashof 
numbers which yield Rayleigh numbers in the range appropriate to 
multicellular flows. In all cases the single crescent eddy was the only 
flow pattern found. 
Careful examinations of the reasons for this discrepancy were 
carried out by Custer [14] and Custer and Shaughnessy [15,23]. Using 
the premise that the (n + l)th term of a perturbation expansion 
should be a small correction to the solution represented by the first 
n terms, they tested the multiple eddy flows predicted by the per-
turbation methods. In each case the highest order term in the per-
turbation expansion was of the same order as the sum of the previous 
terms, indicating that more terms should be included in the expan-
sions. This test is not conclusive, however, as indicated in Custer and 
Shaughnessy [23], and work is now in progress using a spectral ex-
pansion containing additional terms in an attempt to determine what 
causes the multicellular flow. For small Grashof numbers, the 
streamlines calculated with the three term spectral expansions agree 
with those obtained using Mack and Bishop's perturbation method. 
Thus the occurrence of steady multicellular flow may be a feature of 
the linearized equations at large Grashof numbers which is not present 
in the truncated nonlinear equations. A second interesting possibility 
is the presence of a transition mechanism which depends on the 
Prandtl number. It is hoped that further work will answer this ques-
tion. 
4 Convection in a Rotat ing Spherical Annulus 
In this section the steady laminar motion of an incompressible 
viscous fluid contained between two concentric spheres which rotate 
about a common axis with fixed but different angular velocities is 
discussed. Each sphere is maintained at a uniform but different 
temperature. Spherical annulus flows of this type are of interest in 
both engineering and geophysics, as well as being a comparatively 
simple example of the interaction of buoyancy and centrifugal forces. 
An extensive bibliography on this type of flow appears in Douglass 
[13]. 
The geometry for this flow is shown in Fig. 3. A viscous fluid fills 
the gap between the inner and outer spheres which are of radii R i and 
fl2. have uniform temperatures T\ and T2, and rotate about a common 
axis with constant angular velocities wj and «2- A positive angular 
velocity denotes clockwise rotation looking in the direction indicated 
on the polar axis. Both the magnitude and sign of each angular velocity 
are arbitrary; if «i and a>2 differ in sign, the spheres are counter-ro-
tating. A uniform gravitational field of magnitude go is assumed to 
act towards the center of the spheres. In formulating the equations 
of motion, viscous dissipation is neglected, all fluid properties except 
the density are assumed constant, and density variations are modeled 
with the Boussinesq approximation (Chandrasekhar, [20]). 
The motion is measured in spherical coordinates (;-, 8, tj>) fixed in 
space, with (vr, u0, u^) the corresponding velocity components. The 
angular coordinate 8 is measured from the polar axis, while <j> is the 
azimuthal angle. Solutions are sought which are steady, independent 
of 0, and symmetric about the equator 0 = TT/2. Because of these 
symmetries the results are presented in the upper portion of a meri-
dian plane only. 
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The dimensionless equations of motion are conveniently formulated 
in terms of a s t ream function •fi, an angular velocity function Q, and 





- (Gr /Re 2 ) s in0 
r2sinfl \dr 38 38 dr/' 
<5f 
sinf  \c 
(ID 
as 
r2 sin# [r s'mO 
X / dQ dQ\ 
- fi ( cosvi smtf — ) 
\ dr 88 I J 
3<P d ,-„ , dtp d , -„ , J 
a0 5;- dr 90 J 
and 
V 2 f = 
RePr 
r2 sinO 9 \dr 
af# 
ae as dr) 
(12) 
(13) 
Here Re = E^oh is the Reynolds number , Gr = go$(T2 - T i )#2 3 / c 2 
is the Grashof number , and P r = nCp/k is t h e P r a n d t l number . T h e 
fluid propert ies are the kinematic viscosity v, the absolute viscosity 
p , the coefficient of the rmal conductivi ty k, the specific hea t a t con-
stant pressure Cp, and the coefficient of the rmal expansion (3. T h e 
nondimensionalization employs Ri, wo - 1 , and (T2 — 7 \ ) as t he char-
acteristic length, t ime, and t empera tu re scales. T h e characteris t ic 
angular velocity wo is taken to be either o>i or w2 depending on the type 
of flow considered. For example, if t he outer sphere is s ta t ionary, wo 
= Mi; if the inner sphere is stationary, wo = W2- The various operators 
are: 
D2 
a2 i /a2 
: + -
dr2 
I1 r2 W •cotfl-
D* = D2(D2) (14) 
and 
V2 = — — (r2—) +csc8~(sin8—) . 
r2 Ldr V drJ 38 \ <W1 
















T=T1 + (T2-T1){ 
The boundary condit ions on the flow are tha t the fluid t empera tu re 
equal the wall t empera ture a t the spherical boundaries, and tha t the 
fluid velocity a t the boundar ies equal the velocity of the boundar ies , 
fa terms of t he dimensionless variables, these condit ions are 
ibi, 6) 





Q(i7, 8) = r,2 sin20, fi(l, 8) = ft sin2. 
for «0 = Wl j or 
Q(v, 0) = (>;2/A) sin29, S2(l, 0) = sin20 
9oe r 
Fig. 3 Spherical flow geometry 
for wo = o>2. T h e parameters r, and M in these boundary conditions are 
the radius ratio of the spheres 17 = R i/fl 2, and the angular velocity ratio 
jl = W2/W1. T h e occurrence of these paramete rs in the boundary con-
ditions would require t ha t some sort of transformation be performed 
in order to use a full spectral method. In the part ial spectral method, 
however, these boundary conditions are applied numerically and thus 
require no addi t ional problem prepara t ion . 
T h e solution to this problem was obtained by expanding the de-
p e n d e n t variables in the following series: 




28 £ Pn(8)fn(r), 
n=0 
71 = 0 
(17) 
The expansion functions Pn(9) are Legendre polynomials of the first 
kind of order n. The sin20 factor in the expansions is chosen to simplify 
the boundary conditions stated in (16). Although Gegenbauer poly-
nomials are the eigenfunctions for the D2 and D 4 operators, Orszag 
[5] has shown that using Legendre polynomials in the expansion 
produces better accuracy. Munson [6] and Douglass [13] have dem-
onstrated that because of the symmetries of the problem, only even 
n need to be considered foi fi and f. For if/, only odd n need be in-
cluded. For the calculations presented here the expansions were 
truncated at N = 4. The nonlinear ordinary differential equations 
governing the spectral coefficient functions /„ (r), gn (r), and hn (r) 
were obtained in the same manner as described in Section 2 using the 
appropriate orthogonality relations for Legendre polynomials. Details 
may be found in Douglass [13]. 
The boundary conditions for this system are 
8nM = SnW = gn'iv) = gn'W = 0 
hn(ri) = 0 /l0(l) = l M D = 0 n>0, 
and either 
(16) or 
Mv) = r,\ /o(D = M 
fn(v) = / n ( D = 0 n > 1 for w0 = wi, 
Mv) = v2/H, /o(D = l 
fn(v) = / „ ( ! ) = 0 n > 1 for w0 = w2. 
(18) 
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Fig. 4 Streamlines In Ihe spherical annulus for £ = —1/3, t; = 0.5, Re : 
Pr = 1,andGr = -10,000 
100, 
Fig. 5 Angular velocity contours In the spherical annulus for ft = • 
= 0.5, Re = 100, Pr = 1, and Gr = -10,000 
•1/3, n 
Solutions to this system of equations were obtained numerically using 
the method of quasi-linearization. 
Because it is not possible to conduct experiments with a radial 
gravity field, the convection solutions obtained with the Galerkin 
method can only be compared with other numerical results. The 
perturbation results of Douglass [13] are useful for comparisons at 
small values of the rotational Reynolds number. The flow shown in 
Figs. 4, 5, and 6 corresponds to combined convection in a moderately 
deep annulus (-q = 0.5) between counter-rotating spheres. The angular 
velocity ratio is jx = —1/3, corresponding to the inner sphere rotating 
at three times the speed of the outer sphere and in the opposite di-
rection. The figures show the streamlines, angular velocity contours 
and isotherms at a Reynolds number of 100 and a Grashof number 
Gr = -10 4 . The angular velocity contours indicate that the primary 
motion is precisely as expected: fluid near each sphere is dragged along 
in the direction of rotation. The secondary flow consists of a pair of 
counter-rotating eddies of about the same strength and size. These 
eddies are responsible for the convective heat transfer which this flow 
exhibits. 
This flow and several others at lower Reynolds numbers are com-
pared with perturbation solutions given by Douglass [13] in Table 1. 
In each case the ratio Gr/Re2 is fixed at - 1 , which implies that the 
buoyancy forces are the same order of magnitude as the centrifugal 
forces. The negative value indicates that the inner sphere is hotter 
than the outer sphere. The Reynolds number here is a measure of the 
ratio of centrifugal forces to viscous forces. The flow produced by the 
partial spectral method was compared with the perturbation solution 
by computing the average fractional difference in the values of \p, Q, 
and f over the entire flowfield. The numerical solution is known on 
a mesh of 51 radial locations and 91 angular locations, but only interior 
points were considered in the comparison since the boundary values 
are applied numerically. 
The table shows that at a Reynolds number of 30, which is the 
largest value for which the perturbation solution is considered valid 
by Douglass, the flows agree to within 6 percent for f and better than 
0.1 percent for Q and f. As expected, at larger Reynolds numbers the 
differences increase. At a Reynolds number of 100 the spectral solu-
tion satisfies two tests of consistency and appears physically valid. 
The consistency checks are based on the fact that in steady flow the 
torque and heat transfer acting at the inner sphere must equal those 
at the outer sphere. 
It is difficult to discuss the accuracy of the spectral calculations 
because there are apparently no other results available in the litera-
ture on this convection problem. The situation is quite different for 
the isothermal flow case however, and it is worthwhile to ask how the 
present calculations with Gr = 0 compare to results from Pearson [16] 
and Munson [6]. Pearson's investigation of the time dependent flow 
between rotating spheres provides a number of steady-state solutions 
for Reynolds numbers between 10 and 1000 with which the spectral 
calculation can be compared. Fig. 7 shows our calculation of the flow 
between a fixed inner sphere and rotating outer sphere at Re = 100. 
These streamlines are virtually identical to those given by Pearson 
in Fig. 3 of his paper. Fig. 8 shows further that our four term expan-
sions agree to within six percent with Munson's five term expansions 
for Reynolds numbers less than 200. The angular velocity contours 
are essentially identical while the streamfunction is slightly under-
estimated. Thus for a Reynolds number of 100 there is little to be 
gained from using more than four terms in the spectral expansions. 
In fact, Munson concluded that this flow required fewer than ten 
T a b l e 1 A v e r a g e f r a c t i o n a l d i f f e r e n c e b e t w e e n t h e 
s p e c t r a l c a l c u l a t i o n a n d p e r t u r b a t i o n s o l u t i o n 
Fig. 6 Differential Isotherms f - fQ showing the departure from the con-
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Fig. 7 Calculated streamlines for Pearson's flow; i) = 0.5, Re = 100, £ = 
terms for all Reynolds numbers up to transition. For the low order 
expansions employed here we used direct evaluation of the spectral 
equations. The work required by the spectral method compared fa-
vorably with that necessary for the perturbation method, but the 
range of Reynolds numbers for which the spectral solution was ac-
curate was considerably larger. 
5 Conc lus ion 
Partial spectral expansions are an effective tool in solving the 
nonlinear partial differential equations of applied mechanics. The 
authors' experience with two problems in thermal convection has 
shown that these techniques can provide useful results for a greater 
range of parameter values than perturbation methods. The time and 
cost in both cases appear similar, but the spectral method preserves 
the nonlinearities in the problem. For problems requiring a large 
number of terms in the spectral series, transform methods can im-
prove the calculational efficiency at some cost in programming ef-
fort. 
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